Recently Scheiblich (7) and Munn (3), amongst others, have given explicit constructions for FI A , the free inverse semigroup on a non-empty set A. Further, Reilly (5) has investigated the free inverse subsemigroups of FI A . In this note we generalise two of Reilly's lesser results, and also characterise the surjective endomorphisms of FI A . The latter enables us to determine the group of automorphisms of FI A , and to show that if A is finite then FI A is Hopfian (a result proved independently by Munn (3)). Finally, we give an alternative proof of Reilly's main theorem, which uses Munn's theory of birooted trees.
1
Let S be an inverse semigroup with semilattice of idempotents E. Recall, (8) , that the natural partial order ^s on 5 (usually denoted merely by ^) is defined as follows:
x ^ y iff x = ey for some ee E, or equivalently,
x ^ y iff x = yffor some/e E; and that p(S) = {(x, y) e S x S | z ^ x, z ^ y for some z e S} is the minimum group congruence on S.
Throughout this paper, let A be a non-empty set and let FI A together with the canonical embedding, here denoted by d:A->FI A , be presented as in (3) . In the notation of (3), for all u, veF, [u 
] ^ [i>] iff T(u) c T(v), <x(u) = a(v) and P(u) = P(v).
The inverse semigroup S is said to be proper, (6) , if Ep(S) = E; in particular, FI A is proper. Moreover, FI A /p(FI A ) together with the canonical embedding dp(FI A )\ :A-+FI A /p(FI A ) is " the " free group FG A on the set A.
Recall also, (9) , that Fl\ is an f-inverse semigroup, in the terminology of (4). Scheiblich's theory (7) has an obvious interpretation in terms off-inverse semigroups. Moreover, the set of maximal elements of FI A is in 1 -1 correspondence with the underlying set of the free group on A. This correspondence can be visualised in different ways, depending on whether one works with Scheiblich's theory (7) We now state the main result of this section.
Theorem 1. In Proposition 2, suppose further that U has a set of free generators K. Let i:K-+U be the inclusion map, let y = /p(£/)'a, and let H = (C//p(C/))a. Then H « U/p(U), \K\ = \Ky\, and Ky is a set of free generators for the group H.

Proof. By Proposition 2, a is injective and so H « U/p(U). Clearly
Kip(Uy is a set of free generators for the group U/p(U). As remarked above, ip(Uy is the canonical embedding of K in the group Ujp(U), and the result follows.
Theorem 1 can be paraphrased: Let A and K be non-empty sets. If FI A contains a copy of FI K , then FG A contains a copy of FG K .
Proposition 2.8 of (5) For the final part of this section, the reader is referred to (2), Section 7.2. Taking the converse situation, let H be a non-trivial subgroup of FG A , and let N be a Schreier system of left coset representatives of H. Suppose W is the corresponding set of Schreier generators of H-the gs <j>(gs)~ * which are not equal to 1, in the terminology of (2), Section 7.2. Then W is a set of free generators for the group H, the elements of W are reduced as written, and W possesses central significant factors, namely the J'S. Further, an element gs (frigs) ' 1 of W is clearly uniquely determined by its initial segment gs. Thus the proof of (5), Corollary 2.7, shows that K = {(/(w), H>)| W e W}-in the terminology of (5)-is a set of free generators for the inverse subsemigroup of FI A it generates; moreover, | W\ = \K\.
In the terminology of (5) Proof. This is obvious.
Suppose %:Ad-*FI A is a map. We define an extension T* of T to all of A as follows:
The domain of T* is A, z* | Ad = x, and for each x e Ad, ( for each x e A, xt = x" 1 .
Let V = {\p e S 3 \ i//t = ti[/}, and let T denote the right-hand side of (2).
Then it is easily checked that V and T are groups, which are seen to be isomorphic when one identifies j * and t. It suffices therefore to prove that Aut Define the map k on Aut FI A as follows: for each 6 e Aut FI A , k:9->0 \ A. From the preceding discussion it is clear that k maps into V, and that A: is a homomorphism. Since A generates FJ A , we deduce that k is injective.
Conversely, given \j/ e V let T = i//\Ad. Then \j/ = T*. By Proposition 3, x can be extended uniquely to a surjective endomorphism f of FI A ; clearly i// = f | A. Similarly \j/~l, which is in V, can be extended uniquely to a surjective endomorphism f' of FI A . Now ff' | A and f'f | A are both the identity map on A. Since A generates FI A , it follows that ff and f'f are both the identity automorphism on FI A . Hence f and f' are mutually inverse automorphisms on FI A , so that k is surjective.
Corollary. Let A be a non-empty finite set, with n elements say, and let B be the set of integers r such that -n^r^n.
Then
and has 2"(n!) elements.
Proof. We need only note that if ^ is an element of the right-hand side of (3), then ^(0) = 0 and if/ is defined by its action on {1, 2, ...,«}. such that k u ^ K } \ x for 1 g j ^ «(/)-1, 1 g / g », then k = k n for some i.
Proof. (Sufficiency). Let 6:
A-*K be a bijection of some set A on to K. Then 9 determines a unique epimorphism of FI A on to U, which we also denote by 9. As remarked in (5), clearly K is a set of free generators for C/ iff 0 is an isomorphism. Let E denote the semilattice of idempotents of FI A , and let a = (9°9~1)n(ExE).
Suppose, therefore, that 6 is not an isomorphism. Following the remarks after Lemma 2.3 of (5), this is equivalent to supposing that a is not the identity congruence on E. Now E satisfies the ascending chain condition, and the <r-classes are convex subsemilattices of E. Hence we may suppose that e9 = f9 for some e, feE such that e covers/; that is to say, e > / a n d if e ^ g >/for some g e E, then e = g. Extend 9 to an epimorphism, also denoted by 9, off/} onto U 1 .
